We establish a bijection between d-simple-minded systems (d-SMSs) of (−d)-Calabi-Yau cluster category C −d (kQ) and silting objects of D b (kQ) contained in D ≤0 ∩ D ≥1−d for Dynkin quiver Q and d ≥ 1. We show that the number of d-SMSs in C −d (kQ) is the positive Fuss-Catalan number C + d (W ) of the corresponding Weyl group W , by applying this bijection and Fomin-Reading's result on generalized cluster complexes. Our results are based on a refined version of Koenig-Yang bijection between silting objects and t-structures.
Introduction
Fomin and Zelevinsky [FZ] showed that cluster algebras of finite type correspond bijectively with finite root systems Φ. As a generalization of their combinatorial structure, Fomin and Reading [FR] introduced generalized cluster complex ∆ d (Φ) for each positive integer d. It is a simplicial complex whose ground set is the disjoint union of d copies of the set Φ + of positive roots and the set of negative simple roots. It is known that ∆ d (Φ) is categorified by (d + 1)-Calabi-Yau ((d + 1)-CY) cluster categories C d+1 (kQ) 1 for the corresponding Dynkin quiver Q [K, T] . The category C d+1 (kQ) has special objects called cluster tilting objects, which correspond bijectively with maximal simplices in ∆ d (Φ) [Z] and with silting objects contained in some subcategory of D b (kQ) [BRT1] . Culster tilting objects also play a key role in Cohen-Macaulay representations [I] .
Recently there is increasing interest in negative CY triangulated categories (see [CS1, CS2, CS3, CSP, HJY, Ji1, Ji2, Jo, KYZ] ), including (−d)-CY cluster categories C −d (kQ). These categories often contain special objects called d-simple-minded systems (or d-SMS) [CS2] (see Definition 2.3). It plays a key role in the study of Cohen-Macaulay dg modules [Ji1] . In some important cases, cluster tilting objects and d-SMSs are shadows of more fundamental objects, namely, silting objects and simple-minded collections (SMCs) respectively [KN, IYa, Ji2] .
The aim of this paper is to show that there is a bijection between d-SMSs and maximal simplices in ∆ d (Φ) without negative simple roots. In particular, the number of d-SMSs in C −d (kQ) is precisely the positive Fuss-Catalan number. Our method is based on a refined version of Koenig-Yang bijection, which is a bijection between silting objects in perfect derived categories of a finitedimensional algebra A and SMCs in bounded derived derived categories of A.
1.1. Counting (−d)-CY configurations. Let Φ be a simply-laced finite root system, and W the corresponding Weyl group. The Fuss-Catalan number is given by the formula
where n is the rank of W , h is its Coxeter number, and e 1 , . . . , e n are its exponents (see Figure  1 ). It is well-known that C d (W ) equals the number of maximal simplices in ∆ d (Φ) and also equals the number of d-noncrossing partitions for W (see [A, FR] 4, 5, 7, 8, 11 5, 7, 9, 11, 13, 17 7, 11, 13, 17, 19, 23, 29 d(3d+1) 
1344 Figure 1 . Positive Fuss-Catalan numbers the positive Fuss-Catalan number, denoted by C + d (W ) and given by the formula
dh + e i − 1 e i + 1 , see Figure 1 for the explicit value. Let k be a field and Q a Dynkin quiver. The (−d)-CY cluster category C −d (kQ) is defined as the orbit category
where ν is the Nakayama functor of D b (kQ). This is a triangulated category by [K] and has AR quiver ZQ/ν [d] . We denote by d -SMS C −d (kQ) the set of d-SMSs in C −d (kQ), and by max-sim ∆ d (Φ) (resp. max-sim + ∆ d (Φ)) the set of maximal simplices (resp. maximal simplices without negative simple roots) in ∆ d (Φ). We will prove the following result.
Theorem 1.1. Let Q be a Dynkin quiver and let d ≥ 1.
(1) There is a bijection
where W is the Weyl group of kQ. The result (2) is known for the case d = 1 by [CS1] and for the case Q = A n by [Ji1] . Figure 1 gives us concrete formulas for type A, D and E.
To prove Theorem 1.1, we need to introduce some categorical notions. We have a standard t-structure
(1.1)
For m ≤ n, we consider three subcategories
We denote by silt D b (kQ) the set of silting objects in D b (kQ) and by SMC D b (kQ) the set of SMCs in D b (kQ) (see Definition 2.2). The following is a main result of this paper.
Theorem 1.2. Let Q be a Dynkin quiver and d ≥ 1. Then there are bijections
The bijection (1.2) holds for any finite-dimensional Iwanaga-Gorenstein algebras (see Corollary 1.10).
Our theorems and the results in [BRT1, Z] mentioned above are summarized as follows, where we denote by ctilt C d+1 (kQ) the set of cluster tilting objects in C d+1 (kQ).
(1) Let Q = A 3 and d = 1, then the bijection between silting objects of D b (kA 3 ) contained in mod kA 3 and (−1)-SMS of C −1 (kA 3 ) is as follows.
(2) Let Q = A 2 and d = 2. Then the bijection is as follows.
Koenig-Yang bijection. The bijection (1.2) above is similar to the bijection between silting objects and d-Hom ≤0 -configurations in [BRT2] . Our approach here is more direct and based on Koenig-Yang bijection. Let us recall it first.
Theorem 1.4. [KY] Let A be a finite-dimensional k-algebra. Then there are bijections
In this subsection, we give two refined versions of Koenig-Yang bijection in triangulated categories, both of which imply the bijection (1.2) above. Our common assumption is the following, which is satisfied for T = D b (A) and the perfect derived category U = per A for a finite-dimensional k-algebra A.
Assumption 1.5. Let T be a triangulated category and U a thick subcategories of T . Assume that for any P ∈ silt U, we have a bounded t-structure
See Section 2 for the definition of ( ) ⊥ .
We call (1.4) the silting t-structure associated with P , and call its heart H P := T ≤0 P ∩ T ≥0 P the silting heart. Then P can be recovered from the subcategory H P (see Lemma 3.1). Denote by silt-heart T the set of silting hearts of T . Notice that silt U and silt-heart T have canonical partial orders (see Section 2).
Theorem 1.6. Under Assumption 1.5, let T = X ⊥ X ⊥ = Y ⊥ Y ⊥ be two silting t-structures. Then there is a poset isomorphism
Let us see an example, which is well-known for the case d = 2 [BY] .
We have a poset isomorphism.
{d-term silting objects in per A}
When T has relative Serre functor in the following sense, we can improve Theorem 1.6 by dropping the assumption that two t-structures are silting.
Assumption 1.8. Keep Assumption 1.5. Assume that T is a k-linear triangulated category and we have a relative Serre functor ν. That is, there is an auto-equivalence ν : T ≃ T which restricts to an auto-equivalence ν : U ≃ U, such that there exists a functorial isomorphism
Then there is a poset isomorphism as follows.
Theorem 1.9. Under Assumption 1.8, let T = X ⊥ X ⊥ = ⊥ Z ⊥ Z be any two t-structures. There is a poset isomorphism
The following result plays a key role to prove Theorem 1.2.
Corollary 1.10. Let A be a finite-dimensional k-algebra and d ≥ 1. If A is Iwanaga-Gorenstein (that is, the A-module A has finite injective dimension both sides), then there is a poset isomorphism
Preliminaries
Let T be a triangulated category. Let U and V be two full subcategories of T . We denote by add U the smallest subcategory containing U, which is closed under direct summands and finite direct sums. We denote by thick U the thick subcategory generated by U and denote by Filt U the smallest extension-closed subcategory of T containing U. We define new subcategories U ⊥ := {X ∈ T | Hom T (U, X) = 0 for any U ∈ U}, ⊥ U := {Y ∈ T | Hom T (Y, U ) = 0 for any U ∈ U},
, we call it a t-structure (resp. co-t-structure). In this case, we denote by On the set of t-structures on T , there is a natural partial order defined by
where T = U ⊥ V = U ′ ⊥ V ′ are t-structures with hearts H and H ′ respectively. It induces a partial order on the set of hearts of bounded t-structures by Lemma 2.1, that is
(2.1) An object P ∈ T is called silting object if Hom T (P, P [>0]) = 0 and T = thick P . Two silting objects P and Q are equivalent if add P = add Q. We denote by silt T the set of equivalence classes of silting objects in T . If P ∈ T is silting, then we have a natural co-t-structure
We have a partial order on silt T , that is, for P, Q ∈ silt T ,
Let k be a field. Next let us recall the notions of SMC and SMS, which are main study objects in our paper.
Definition 2.2. Let T be a k-linear triangulated category and S a set of objects of T . We say S is a simple-minded collection (or SMC ), if the following conditions hold.
We denote by SMC T the set of SMCs in T .
Definition 2.3. Let T be a k-linear Hom-finite Krull-Schmidt triangulated category and S a set of indecomposable objects of T . For d ≥ 1, we call S a d-smiple-minded system (or d-SMS for short) if the following conditions hold.
(2) Hom T (X[j] , Y ) = 0 for any two objects X, Y in S and 0 < j ≤ d − 1;
( (1) 
Proof of main Theorems
3.1. Koenig-Yang bijection. We first show Theorem 1.6. The following observation is useful. Proof. The map silt U → silt-heart T is clearly surjective. For P, Q ∈ silt U, we have
Thus the map is a poset isomorphism.
Proposition 3.2. Under Assumption 1.5, let Q, R ∈ silt U. Then there is a poset isomorphism
Thus the assertion holds. Now we are ready to prove Theorem 1.6.
Proof of Theorem 1.6. There exists Q, . By Theorem 1.6, we have a poset isomorphism
in Theorem 1.4, we obtain the assertion.
Next we prove Theorem 1.9.
Proof of Theorem 1.9. Let P ∈ silt U. Thanks to Lemma 3.1, it suffices to show that P ∈ X if and only if H P ⊂ X , and P ∈ Z if and only if H P ⊂ νZ. 
So the assertion is true.
Proof of Corollary 1.10.
A is Iwanaga-Gorenstein, then the Nakayama functor ν is the relative Serre functor. By Theorem 1.9, we have a poset isomorphism
By Theorem 1.4, we obtain the assertion.
3.2. Proof of Theorems 1.1 and 1.2. In this subsection, we will write A = kQ, D (resp. C) for (
Recall that π : D → C is the natural functor. Then π gives a bijection ind D
(3.1)
In the rest, we write π(X) as X for any X ∈ D. We give a lemma which plays an important role in the sequel.
Proof. By the definition of C, we have
If n < 0, then nd−i ≤ −d and ν n Y [nd−i] ∈ ν n+1 D ≥1 ⊂ D ≥1 by (1.1). So Hom D (X, ν n Y [nd−i]) = 0. If n > 1, then m := 1 − n < 0 and
by the first case. Thus the assertion follows.
The following lemma is useful.
Lemma 3.5. Let Q be an acyclic quiver,
, then N = 0.
Proof. By (1.1) and Lemma 3.3, we have We denote by (−d)-CY-conf C the set of (−d)-Calabi-Yau configurations of C.
Proposition 3.6. Let Q be an acyclic quiver. Then the map
is well-defined.
Proof. Let S be an SMC contained in D [−d,0] . We show S is a (−d)-CY configuration in C. Let X, Y ∈ S and 0 ≤ i < d. By Lemma 3.4, we have
Immediately S satisfies the conditions (1) and (2) We are ready to prove Theorem 1.2 now.
Proof of Theorem 1.2. The bijection (1.2) follows directly from Corollary 1.10. The map (1.3) is well-defined by Proposition 3.6. Since this is injective by (3.1), it suffices to show that (1.3) is surjective.
Let S be any d-SMS of C. We also denote by S the preimage π −1 (S) of S via the bijection (3.1). We claim S is an SMC of D. Let X, Y ∈ S. We know dim k Hom C (X, Y [−i]) ≥ dim k Hom D (X, Y [−i]), for any i ∈ Z. For 0 ≤ i ≤ d − 1, the left hand side is δ XY δ 0i for the Kronecker delta, so is the right hand side. We show Hom D [Z, Theorem 5.7 ]. (2) follows from (1) and [FR, Proposition 12.4 ].
